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Abstract: We have recently undergone an analysis of gravitational theories as defined
in first order formalism, where the metric and the connection are treated as independent
fields. The physical meaning of the connection field has historically been somewhat
elusive. In this paper, a complete spin analysis of the torsionless connection field is
performed, and its consequences are explored. The main properties of a hypothetical
consistent truncation of the theory are discussed as well.
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1 Introduction
Theories of gravity where the lagrangian is quadratic in the Riemann tensor [1] are
known to be well behaved in the ultraviolet (they are often asymptotically free) but
suffer from the fatal drawback of not being unitary (cf. [2] for a general review, and [3]
for a recent analysis similar in spirit to ours.)
It has been recently pointed out [4] that when considering those theories in first
order formalism (which is not equivalent to the usual, second order one1) where the
metric and the connection are considered as independent physical fields, no quartic
propagators appear and the theory is not obviously inconsistent. This framework is
a good candidate for a unitary and renormalizable theory of the gravitational field,
leading to a posible ultraviolet (UV) completion of General Relativity (GR). Recent
work, following related lines, has been done regarding a possible UV completion of GR
by modifying the usual second order quadratic gravity [5][6][7].
Those theories depend on a number of independent coupling constants, which can
be grouped into three big classes, corresponding to the Riemann tensor squared, the
Ricci tensor squared, and the scalar curvature squared.
There is one worrisome fact though. When considering the theory around a flat
background there is no propagator for the graviton. This means that either the theory
is not a theory of gravity at all, or else all the dynamics of the gravitational field is
determined by the three index connection field.
Of course the idea that the true dynamics of gravitation is better conveyed by the
connection field than by the metric has a long history (cf. for example to the classic
paper [8]). It is the closest analogue to the usual gauge theories, and can be easily
related to physical experiments and observations. In fact in [4] we have shown that
there are possible physical static connection sources that produce a V (r) = C
r
potential
between them. This is at variance with what happens in the usual quadratic theories
as formulated in second order, in which the natural potential is a scale invariant one
V (r) = Cr. This forces many authors to include an Einstein-Hilbert (linear in the
scalar curvature) piece in the action from the very beginning if one wants to reproduce
solar-system observational constraints (cf [1] for a lucid discussion). Another possibility
is a spotaneous symmetry breaking of the scale invariance of quadratic theories, so that
the EH term is generated and dominates in the infrarred (see e.g [9][10][11][12] regarding
this issue).
The static connection sources in [4] were of the form Jµνλ ∼ jµTνλ + ..., where
jµ was a conserved current and Tµν was the energy-momentum tensor. The physical
1Even for the Einstein-Hilbert first order lagrangian the equivalence is lost as soon as fermionic
matter is considered.
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meaning of those sources is not clear, to say the least. In order to get a better grasp
on the workings of the theory, it would be helpful to disentangle the different physical
spins contained in the connection.
Our aim in this paper is precisely to perform a complete analysis of the physical
content of the connection field. There are a priori 40 independent components in
this field. We shall analyze them by generalizing the usual spin projectors [13, 14]
to the three-index case, and expanding the action in terms of these projectors. We
shall find that generically there is a spin 3 component, which disappears only when the
coefficient of the Riemann square term vanishes. This property is however not stable
with respect to quantum corrections, that will make this term reappear even if the
classical coefficient is fine tuned to zero. Kinematically, there is also a set of three spin
2 components, five spin 1 components and three spin 0 components.
Let us now summarize the contents of our paper. First we quickly review, mostly
to establish our conventions, the spin content of the usual lagrangian linear in curvature
(Einstein-Hilbert) both in second and in first order formalism. Then we tackle the spin
analysis of theories quadratic in curvature, again both in second order and first order
formalism. Extensive use is made of a new set of spin projectors, which are explained
in the appendices.
Throughout this work we follow the Landau-Lifshitz spacelike conventions, in par-
ticular
Rµνρσ = ∂ρΓ
µ
νσ − ∂σΓµνρ + ΓµλρΓλνσ − ΓµλσΓλνρ (1.1)
and we define the Ricci tensor as
Rµν ≡ Rλµλν (1.2)
The commutator with our conventions is
[∇µ,∇ν ]V λ = RλρµνV ρ
[∇µ,∇ν ]hαβ = hβλRαλµν + hαλRβλµν (1.3)
2 Lagrangians linear in curvature (Einstein-Hilbert) in second
order formalism
Let us begin by quickly reviewing some well-known results on the quadratic (one loop)
approximation of General Relativity (GR), as derived from the Einstein-Hilbert (EH)
lagrangian. We do that mainly to establish our notation and methodology.
We expand the EH action around flat space by taking
gµν = ηµν + κhµν (2.1)
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We are interested in the quadratic order of the expansion. The operator mediating
the interaction between the metric perturbation reads
S =
1
2
∫
d4x hµνKEHµνρσh
ρσ (2.2)
where the operator reads
KEHµνρσ ≡−
1
8
(ηµρηνσ + ηµσηνρ)2+
1
8
(∂µ∂ρηνσ + ∂µ∂σηνρ − ∂ν∂ρηµσ + ∂ν∂σηµρ) +
− 1
4
(∂ρ∂σηµν + ηρσ∂µ∂ν) +
1
4
ηµνηρσ2 (2.3)
In order to better understand the physical content of this action, we can decompose
the symmetric tensor hµν as
hµν = h
2
µν +2
−1 (∂µAν + ∂νAµ)− ∂µ∂ν
2
Φ +
1
3
(
ηµν − ∂µ∂ν
2
)
ψ (2.4)
where as we shall see h2µν corresponds to the spin 2 part of the field. The other fields
are defined as follows
φ ≡ ∂ρ∂σhρσ ≡ 2Φ
h ≡ ηµνhµν
Aµ ≡ ∂σhµσ; ∂µAµ = 2Φ (2.5)
Under linearized diffeomorphisms
δhµν = ∂µξν + ∂νξµ (2.6)
these transform as
δφ = 222ξ
δh = 22ξ
δAµ = 2ξ
T
µ + 22∂µξ (2.7)
where we have split ξµ in its transverse (ξ
T
µ ) and longitudinal (∂µξ) parts.
From the transformation properties, it is clear that there is a scalar gauge invariant
combination
δψ ≡ δ (h− Φ) = 0 (2.8)
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As stated before, we want to carry out an analysis of the spin content of the fields
in the theory using the spin projectors defined in Appendix A. The action of these spin
projectors2 over hµν gives
h0wµν ≡ (Pw0 h)µν = 2−2∂µ∂νφ =
∂µ∂νΦ
2
; δh0wµν = 2∂µ∂νξ
h0sµν ≡ (P s0h)µν =
1
3
{
ηµν − ∂µ∂ν
2
}
ψ; δh0sµν = 0
h1µν ≡ (P1h)µν = 2−1 (∂µAν + ∂νAµ)− 2
∂µ∂νΦ
2
; δh1µν = ∂µξ
T
ν + ∂νξ
T
µ
h2µν ≡ (P2h)µν = hµν −2−1 (∂µAν + ∂νAµ) +2−2∂µ∂νφ−
− 1
3
{
hηµν −2−1 (∂µ∂νh+ φηµν) +2−2∂µ∂νφ
}
=
= hµν −2−1 (∂µAν + ∂νAµ) + ∂µ∂ν
2
Φ− 1
3
(
ηµν − ∂µ∂ν
2
)
ψ; δh2µν = 0 (2.9)
and integrating by parts we get∫
d(vol)h0sµν2h
µν
0s =
∫
d(vol)
1
3
ψ2ψ∫
d(vol) (h0sµν + h
0w
µν )2 (h
µν
0s + h
µν
0w) =
∫
d(vol)
(
Φ2Φ +
1
3
ψ2ψ
)
∫
d(vol)h1µν2h
µν
1 =
∫
d(vol) (−2AµAµ − 2Φ2Φ)∫
d(vol)h2µν2h
µν
2 =
∫
d(vol)
(
hµν2h
µν − 1
3
ψ2ψ + Φ2Φ + 2AµA
µ
)
(2.10)
Then the Einstein-Hilbert action can be rewritten in terms of the projectors as
SEH = −1
8
∫
d4x hµν(P2 − 2P s0 )µνρσ2hρσ (2.11)
At this point, one can ask the question of whether it is possible to write a local la-
grangian that contains only the spin 2 part of hµν . Indeed the spin two part can be
written as
h2µν = hµν −
∂µ∂
ρhρν + hµρ∂
ρ∂ν
2
+
∂µ∂ν∂ρ∂σh
ρσ
22
−
− 1
3
{
h ηµν − ∂µ∂ν
2
h− ηµν ∂
ρ∂σhρσ
2
+
∂µ∂ν∂
ρ∂σhρσ
22
}
(2.12)
2It has to be understood that when writting the action of the projectors in terms of derivatives
and box operators, it is implicit that these correspond to the ones of flat space.
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where we can see that we have a term which goes as 1
22
. This means that if we do not
want to get non-local inverse powers of the d’Alembert operator, the simplest monomial
that contains spin 2 only is going to be given by
S2 ≡ 1
κ6
∫
d4xh2µν2
4hµν2 (2.13)
which as is well-known suffers from several unitarity and causality problems associated
to higher derivative lagrangians3. It would seem that the (harmless as we shall see)
spin 0 addition is a necessary ingredient in a unitary Lorentz invariant spin 2 theory.
We will come back to this point at the end of this work.
Let us go back to the EH action (2.11). With the help of (2.9), we can further
decompose it in terms of the different fields contained in hµν
SEH = −1
8
∫
d4x [hµν2hµν + 2AµA
µ + Φ2Φ− ψ2ψ] (2.14)
The equations of motion read
δS
δhµν
= 2hµν = 0
δS
δψ
= 2ψ = 0
δS
δΦ
= 2Φ = φ = 0
δS
δAµ
= Aµ = 0 (2.15)
so that Aµ = φ = 0, leaving just 5 free components in hµν on shell.
In order to find the propagator, we need to introduce a gauge fixing term to make
(2.3) invertible. Let us choose the harmonic (de Donder) gauge condition given by the
operator
Kgfµνρσ =−
1
8
(∂µ∂ρηνσ + ∂µ∂σηνρ + ∂ν∂ρηµσ + ∂ν∂σηµρ)− 1
4
(ηρσ∂µ∂ν + ηµν∂ρ∂σ)−
− 1
8
ηµνηρσ2 = −1
4
(
P1 +
3
2
P s0 +
1
2
Pw0 −
√
3
2
P×
)
µνρσ
2 (2.16)
3Note that this action has a larger gauge symmetry, namely
δhµν = (P1)µνρσ Λ
ρσ
1 + (P
s
0 )µνρσ Λ
ρσ
2 + (P
w
0 )µνρσ Λ
ρσ
3
where Λµνi are arbitrary fields.
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in such a way that
KEH+gfµνρσ = −
1
8
(ηµρηνσ + ηµσηνρ − ηµνηρσ) 2 =
= −1
4
(
P2 + P1 − 1
2
P s0 +
1
2
Pw0 −
√
3
2
P×
)
µνρσ
2 (2.17)
The propagator is easily found to be
∆µνρσ = −1
4
(ηµρηνσ + ηµσηνρ − ηµνηρσ) 2−1 =
= −4
(
P2 + P1 − 1
2
P s0 +
1
2
Pw0 −
√
3
2
P×
)
µνρσ
2−1 (2.18)
We are also interested in computing the interaction energy between two external,
conserved currents T µν(1) and T
µν
(2)
W
[
T(1), T(2)
]
=
∫
d4xT µν(1)∆µνρσT
ρσ
(2) =
∫
d4x
(
T µν(1)2
−1T(2)µν − 1
2
T(1)2
−1T(2)
)
(2.19)
One may reasonably feel a little nervous about the negative sign of the spin 0
component in (2.11) as well as in (2.18). Let us demonstrate in a very explicit way
that in spite of what it seems, the Einstein-Hilbert propagator is positive definite when
saturated with physical sources.
First we assume that massless gravitons are the carriers of the interaction. In
momentum space we choose
kµ = (κ, 0, 0, κ) (2.20)
and the conservation of energy-momentum implies
T 00(k) = T 33(k)
T 0i(k) = T 3i(k) (2.21)
Then, an easy computation leads to the expression for the free energy in terms of
the components of the two external conserved sources T µν(1) and T
µν
(2) as
W
[
T(1), T(2)
]
=
∫
d4k
k2
{
1
2
(
T 11(1) − T 22(1)
) (
T 11(2) − T 22(2)
)
+ 2T 12(1)T
12
(2)
}
(2.22)
which is positive semi-definite in case of identical sources T µν(1) = T
µν
(2) .
Moreover, for static sources the energy-momentum tensor reads (all other compo-
nents vanish)
T 00(1,2) ≡M(1,2)δ(3)
(
~x− ~x(1,2)
)
(2.23)
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and in momentum space
T 00(1,2)(k) ≡M(1,2) δ(k0) ei~k~x(1,2) (2.24)
it follows that
W
[
T(1), T(2)
]
=
1
2C
M1M2
∫
d3k
~k2
ei
~k(~x1−~x2) =
pi
2C
M1M2
|~x1 − ~x2| (2.25)
where we have represented ∫
dk0 ≡ 1
C
(2.26)
Therefore, the free energy is definite positive, as it should.
3 Lagrangians linear in curvature in first order formalism
Let us now make the exercise of reanalyzing this same theory in first order formalism,
in which the metric and the connection are independent. We shall find after some
roundabout that the physical content of the theory is the same as we previously found
in the last paragraph.
We start with the Einstein-Hilbert action
SEH ≡ − 1
2κ2
∫
dnx
√
|g|gµνRµν [Γ] (3.1)
and we expand it around Minkowski spacetime as
gµν ≡ ηµν + κhµν
Γαβγ ≡ Aαβγ (3.2)
where Aαβγ is the quantum field for the connection, which is symmetric in the last two
indices as we are restricting ourselves to the torsionless case.
After this expansion the action can be written as
SEH = −
∫
dnx
{
hγN αβγ λ A
λ
αβ +
1
2
AτγK
γ αβ
τ λ A
λ
αβ
}
(3.3)
where the operators mediating the interactions have the form
N αβγ λ =
1
2κ
{
1
2
(
ηγη
αβ − δαγ δβ − δα δβγ
)
∂λ−
−1
4
(
ηγδ
β
λ∂
α + ηγδ
α
λ∂
β − δαγ δβλ∂ − δβγ δαλ∂ − δα δβλ∂γ − δβ δαλ∂γ
)}
(3.4)
Kγ αβτ λ =
1
κ2
{
1
4
[δτδ
γ
λη
αβ + δγτ δ

λη
αβ + δβλδ
α
τ η
γ + δαλδ
β
τ η
γ
−δβτ δγληα − δβτ δληαγ − δατ δληβγ − δατ δγληβ]
}
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From the path integral, the contribution to the effective action reads
eiW [ηµν ] =
∫
DhDA eiSFOEH[h,A] (3.5)
and using the background expansion (3.3) we can integrate over DA yielding
eiW =
∫
Dhe
{
− i
2
∫
dnx
√
|g| 1
2
hµνDµνρσhρσ
}
(3.6)
where
Dµνρσ =
1
4
(ηµρηνσ + ηµσηνρ − 2ηµνηρσ)2+ 1
2
(ηµν∂ρ∂σ + ηρσ∂µ∂ν)
− 1
8
(ηµρ∂ν∂σ + ηµσ∂ν∂ρ + ηνρ∂µ∂σ + ηνσ∂µ∂ρ)
− 1
8
(ηµρ∂σ∂ν + ηµσ∂ρ∂ν + ηνρ∂σ∂µ + ηνσ∂ρ∂µ) (3.7)
We now expand this operator in the basis of projectors (see Appendix A) so that
Dµνρσ =
1
2
(P2 − (n− 2)P s0 )µνρσ 2 (3.8)
and in this way the action can be rewritten (for n = 4) as
SEH = −1
8
∫
d4x hµν(P2 − 2P s0 )µνρσ2hρσ (3.9)
In conclusion, we obtain the same result when we treat the theory in second order
formalism (2.11) and in first order formalism, for the particular case of the Einstein-
Hilbert action.
4 Lagrangians quadratic in curvature in second order formal-
ism
Let us now begin the study of lagrangians quadratic in the spacetime curvature, first
in the usual second order formalism.
The most general action in this set (the connection is assumed in this section to
be the metric one) is
SSOQ ≡
∫
dnx
√
|g| (αR2 + βRµνRµν + γRµνρσRµνρσ) (4.1)
When we expand around flat space gµν = ηµν + κhµν it follows that
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SSOQ = κ2
∫
dnxhµν
{
α
[
∂µ∂ν∂ρ∂σ − (ηρσ∂µ∂ν + ηµν∂ρ∂σ)2+ ηµνηρσ22
]
+
+
β
4
[
2∂µ∂ν∂ρ∂σ − 1
2
(ηµρ∂ν∂σ + ηµσ∂ν∂ρ + ηνρ∂µ∂σ + ηνσ∂µ∂ρ)2
− (ηρσ∂µ∂ν + ηµν∂ρ∂σ)2+ 1
2
(ηµρηνσ + ηµσηνρ)2
2 + ηµνηρσ2
2
]
+
+
γ
4
[
4∂µ∂ν∂ρ∂σ + 2 (ηµρηνσ + ηµσηνρ)2
2−
−2 (ηµρ∂ν∂σ + ηµσ∂ν∂ρ + ηνρ∂µ∂σ + ηνσ∂µ∂ρ)2]
}
hρσ (4.2)
We can write the operator in terms of spin projectors as
KSOQµνρσ = κ
2
(
α(n− 1)P s0 +
β
4
(P2 + nP
s
0 ) + γ(P2 + P
s
0 )
)
µνρσ
22 =
=
κ2
4
(c1P2 + c2P
s
0 )µνρσ 2
2 (4.3)
where c1 = β + 4γ and c2 = 4(n− 1)α + nβ + 4γ.
If we use the action of spin projectors over the graviton decomposition (2.9), the
action can be rewritten as
SSOQ =
κ2
4
∫
dnx
[
c1
(
hµν22hµν + 2Aµ2A
µ + φ2 − 1
3
ψ22ψ
)
+
c2
3
ψ22ψ
]
(4.4)
Let us at this point make a short aside on the higher derivative scalar terms.
Consider the lagrangian [15]
L =
1
2
(∂µψ)
2 +
1
2
Cψ22ψ (4.5)
and introduce an auxiliary field, χ, so that
L =
1
2
(∂µψ)
2 + C ∂µψ∂
µχ− 1
2
C χ2 (4.6)
The EM for the auxiliary field just yields
χ = −2ψ (4.7)
which just reproduces the original action. Now we can define
Ψ ≡ ψ + Cχ (4.8)
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The mixing term disappears and the action diagonalizes to
L =
1
2
(∂µΨ)
2 − 1
2
C2 (∂µχ)
2 − 1
2
C χ2 (4.9)
It follows that the auxiliary field becomes a ghost no matter the value of the
constant C. When there is no canonical kinetic term for the field ψ this mechanism is
not at work. However, such a term is always generated by the Einstein-Hilbert (linear
in the space-time curvature) piece of the gravitational lagrangian. This linear piece is
physically unavoidable, even if it is not present in the classical lagrangian, it will be
generated by radiative corrections.4
Going back to our analysis, we can obtain the equations of motion for the quadratic
action (4.4)
δS
δhµν
= c12
2hµν = 0
δS
δψ
= (c2 − c1)22ψ = 0
δS
δφ
= c1φ = c12Φ = 0
δS
δAµ
= c12Aµ = 0 (4.10)
Please note that the equations of motion have four derivatives so that the only way
in which we can fix this problem is by taking c1 = c2 = 0. This implies
β + 4γ = β + 4α = 0 (4.11)
In this case the lagrangian is proportional to the Gauss-Bonnet density, i.e. α = 1, β =
−4, γ = 1 and n = 4, and the operator (4.3) reduces to
KGBµνρσ = 0 (4.12)
This fact follows from the identity
R2 − 4RµνRµν +RµνρσRµνρσ = total derivative (4.13)
4If we restrict ourselves only to the R2 terms, i.e. β = γ = 0, we get
SR2 =κ
2α
∫
dnx ψ22ψ
so that the equation of motion reads
22ψ = 0
From this we can see that there is a gauge invariant ghostly state.
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Let us now obtain the propagator for the general quadratic action (4.4), again in
the harmonic gauge (2.16) with a gauge parameter − 1
2ξ
. The operator reads
KSOQ+gfµνρσ =
1
8
{
1
ξ
P1 + 2κ
2c12P2 +
(
2κ2c22+
n− 1
2ξ
)
P s0 +
1
2ξ
Pw0 −
√
n− 1
2ξ
P×0
}
µνρσ
2
(4.14)
and inverting it we get
∆µνρσ ≡ (K−1)SOQ+gfµνρσ =
8
k2
{
ξP1 +
1
2κ2c1k2
P2 +
ξ
κ2c2k2
[(
2κ2c2k
2 +
n− 1
2ξ
)
Pw0 +
+
1
2ξ
P s0 +
√
n− 1
2ξ
P×0
]}
µνρσ
(4.15)
provided c1 6= 0 and c2 6= 0.
Now the interaction energy between external static sources, for n = 4, is propor-
tional to
W SOQ+gf ∝ T µν∆SOQ+gfµνρσ T ρσ =
4
κ2k4
[
1
c1
(
TµνT
µν − 1
3
T 2
)
+
1
3c2
T 2
]
(4.16)
This result is independent of the gauge fixing, and for the particular case 2c1 = −c2,
the dependence on the sources is proportional to the Einstein-Hilbert one
W SOQ+gf
∣∣∣
c2=−2c1
∝ 4
κ2k4
1
c1
(
TµνT
µν − 1
2
T 2
)
(4.17)
However, the factor 1
k4
in momentum space leads to a confining (linear) potential
in position space.
4.1 Adding a term linear in the scalar curvature.
It has been argued in [4] that a term linear in the spacetime curvature will be generated
by quantum corrections, even if it is not initially present in the classical lagrangian. It
is then of interest to consider the quadratic action plus the Einstein-Hilbert action
SQ+EH ≡
∫
dnx
√
|g|
(
− λ
2κ2
R + αR2 + βRµνR
µν + γRµνρσR
µνρσ
)
(4.18)
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We can use the same harmonic gauge fixing (2.16) with parameter ξ, so that the total
operator can be written in terms of projectors as
KQ+EH+gfµνρσ =
1
8
{
1
ξ
P1 + (2κ
2c12+ λ)P2 +
(
2κ2c22+
n− 1
2ξ
− λ(n− 2)
)
P s0+
+
1
2ξ
Pw0 −
√
n− 1
2ξ
P×0
}
µνρσ
2 (4.19)
Inverting the operator the propagator reads
∆Q+EH+gfµνρσ =
8
k2
{
ξP1 +
1
2κ2c1k2 + λ
P2+
+
ξ
κ2c2k2 − λ(n−2)2
[(
2κ2c2k
2 +
n− 1
2ξ
− λ(n− 2)
)
Pw0 +
1
2ξ
P s0 +
√
n− 1
2ξ
P×0
]}
µνρσ
(4.20)
Once we have the propagator, it is easy to check that the interaction energy between
two external, static sources, for n = 4, is proportional to
W ∝ T µν(K−1)Q+EH+gfµνρσ T ρσ =
=
8
λ
[(
1
k2
− 1
(k2 + λ
2κ2c1
)
)(
TµνT
µν − 1
3
T 2
)
+
2
n− 2
(
1
2(k2 − λ(n−2)
2κ2c2
)
− 1
2k2
)
T 2
3
]
=
=
8
λk2
(
TµνT
µν − n− 1
3(n− 2)T
2
)
− 8
λ
[
1
(k2 + λ
2κ2c1
)
(
TµνT
µν − 1
3
T 2
)
− 1
2(k2 − λ(n−2)
2κ2c2
)
T 2
3
]
(4.21)
Notice that the only contributions to the free energy come from P2 and P
s
0 as the
rest of spin operators do not contribute when saturated with the sources. The spin 2
piece can be rewritten as
8
k2(2κ2c1k2 + λ)
P2 =
8
λ
[
1
k2
− 1
(k2 + λ
2κ2c1
)
]
P2 (4.22)
The first term comes from the Einstein-Hilbert action, giving the well-known massless
pole, whereas the second term corresponds to a massive k2 = − λ
2κ2c1
spin 2 pole with
negative residue, coming from the quadratic action.
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The spin 0 piece has the form
8
2k2(κ2c2k2 − λ(n−2)2 )
P s0 =
16
λ(n− 2)
[
1
2(k2 − λ(n−2)
2κ2c2
)
− 1
2k2
]
P s0 (4.23)
In this case, the first term is a massive k2 = λ(n−2)
2κ2c2
spin 0 pole with positive residue,
coming from the quadratic piece of the action. The second term is again the massless
spin 0 pole with negative residue that we already encountered when studying the EH
action.
5 Lagrangians quadratic in curvature in first order formalism
Let us now enter into the main topic of this paper, namely the general situation in which
the physics is conveyed by the graviton as well as by the connection field. Actually, as
was pointed out in [2], when considering a metric fluctuating around flat space there
is no kinetic term for the graviton, so that all the physics is encoded in the connection
field. This is the main reason why we underwent a systematic analysis of the spin
content of the said connection field. We consider the general action
SFOQ ≡
∫
dnx
√
|g|
(
αR[Γ]2 + βR[Γ]µνR[Γ]
µν + γR[Γ]µνρσR[Γ]
µνρσ
)
(5.1)
and we again use the expansion around Minkowski spacetime given by
gµν ≡ ηµν + κhµν
Γαβγ ≡ Aαβγ (5.2)
where Aαβγ is the quantum field for the connection, which is symmetric in the last two
indices as we are restricting ourselves to the torsionless case.
The action reduces to a kinetic term for the connection field
SFOQ =
∫
dnxAτµνK
µν ρσ
τ λ A
λ
ρσ (5.3)
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where the operator reads
Kµν ρστ λ = α
{1
2
(ηµνδστ ∂λ∂
ρ + ηµνδρτ∂λ∂
σ + ηρσδνλ∂τ∂
µ + ηρσδµλ∂τ∂
ν)− ηµνηρσ∂λ∂τ+
− 1
4
(δνλδ
σ
τ ∂
µ∂ρ + δµλδ
σ
τ ∂
ν∂ρ + δνλδ
ρ
τ∂
µ∂σ + δµλδ
ρ
τ∂
ν∂σ)
}
+
+ β
{1
4
(ηµρδστ ∂λ∂
ν + ηνρδστ ∂λ∂
µ + ηµσδρτ∂λ∂
ν + ηνσδρτ∂λ∂
µ) +
+
1
4
(ηµρδνλ∂τ∂
σ + ηνρδµλ∂τ∂
σ + ηµσδνλ∂τ∂
ρ + ηνσδµλ∂τ∂
ρ)−
− 1
2
(ηµρηνσ + ηνρηµσ) ∂λ∂τ − 1
4
(ηµρδνλδ
σ
τ + η
νρδµλδ
σ
τ + η
µσδνλδ
ρ
τ + η
νσδµλδ
ρ
τ )2
}
+
+ γ
{
ηλτ
[
1
2
(ηµρ∂σ∂ν + ηνρ∂σ∂µ + ηµσ∂ρ∂ν + ηνσ∂ρ∂µ)− (ηµρηνσ + ηνρηµσ)2
]}
(5.4)
In the Appendix B we have studied the spin projectors for connection fields A ∈ A,
where A is the space of torsionless connections (see Appendix C for metric, torsionful
connections). There are two main sectors in this space: the one corresponding to
connections symmetric in the three indices (B.1), AS, and the one endowed with the
hook symmetry (B.2), AH, each one with 20 components. The spin content of the
symmetric sector is
20S = (3)⊕ (2)⊕ 2 (1)⊕ 2 (0) (5.5)
and the spin content of the hook one is given by
20H = 2 (2)⊕ 3 (1)⊕ (0) (5.6)
There are 12 mutually orthogonal projectors on these different sectors. Projectors
on the symmetric sector are represented by roman letters and indexed by the spin,
Ps, whereas projectors in the hook sector are represented by calligraphic letters also
indexed by the spin, Ps. Nevertheless, this is not enough to expand the most general
linear operator
K : A → A (5.7)
which has dimension 22. In order to find a basis for this space, we need to add 10 new
operators to the above set, which are not mutually orthogonal anymore. These new
operators will be denoted as Ps, where s stands for the spin. Explicit expressions can
be found in the Appendix B.3.
Once we have obtained the complete basis for this space, we can expand the general
operator in terms of these spin operators as
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(KFOQ)
µν ρσ
τ λ =
(
− 2(2γ + β) Ps0 − (4γ + 9α + 2β) Ps0 + (2γ − β) Px0 −
4
3
(3γ + 5β) Ps1
− 2γ Ps1 −
4
3
(3γ + β) P t1 − (2γ + β) Pwx1 + 4β Pss1 − 2(2γ + β) (P2 + P2)
− 4γ Ps2 + 2(β + γ) Px2 − 4γP3
)µν ρσ
τ λ
2 (5.8)
We also need to choose a gauge fixing, in this case we take
Sgf =
1
χ
∫
dnx ηµνηρσητλA
τ
µνA
λ
ρσ (5.9)
from where we can extract the operator which in terms of the projectors reads
(Kgf)
µν ρσ
τ λ =
1
χ
(
Pw0 + 3 P
s
0 + 3 Ps0 − 3 Px0 + Psw0 + Pws0 + P1 −
5
3
Ps1 + Pw1
+
2
3
P t1 − Pwx1 + Pws1 + Psw1 + Psx1 + 4 Pss1
)µν ρσ
τ λ
2 (5.10)
From the decomposition of the gauge fixing operator we see that the gauge fixing
term does not posses any spin 2 or spin 3 piece. Looking at the operator (5.8) for the
three quadratic terms, we are going to have problems when γ equals zero due to the fact
that P3, Ps2 and Ps1 dissapear from the scene. As we have seen, we cannot recover the
spin 2 and spin 3 ones from the gauge fixing, so this leads to a non invertible operator,
and thus, to new zero modes.
To understand this fact, let us focus in the simplest case where β = γ = 0. The
operator for R2 collapses to
(KR2)
µν ρσ
τ λ = −9 (Ps0)µν ρστ λ 2 (5.11)
so that
(KR2+gf)
µν ρσ
τ λ =
1
χ
(
Pw0 + 3 P
s
0 + (3− 9χ) Ps0 − 3 Px0 + Psw0 + Pws0 + Pw1 −
5
3
Ps1
+ Pw1 +
2
3
P t1 − Pwx1 + Pws1 + Psw1 + Psx1 + 4 Pss1
)µν ρσ
τ λ
2 (5.12)
It follows that there are a grand total of 13 new zero modes. They are listed in the
Appendix D. Physically, this means that the theory has extra gauge symmetry when
considered at one loop order, in addition to the one it has for the full theory, namely
diffeomorphism and Weyl invariance. We are not aware of any other physical system
where this happens. For what we can say, these extra gauge symmetries are accidental,
and will disappear when computing higher loop orders.
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It is plain that the first order theory has a sector in which the connection reduces
to the metric one. It is physically obvious that in this sector the theory should reduce
to the one obtained in second order formalism. Let us then check what happens when
the connection reduces to the Levi-Civita connection. Around flat space we have
Aλ (LC)µν = ∂µh
λ
ν + ∂νh
λ
µ − ∂λhµν (5.13)
With this change we can extract an operator mediating interactions between the
hµν and expand it in terms of the four-index spin projectors. In this way we can see
how the six-index projectors and the four-index projectors talk to each other. The full
correspondence is as follows
AλµνP
λµν
αβγA
αβγ hµνP
µν
αβh
αβ
Pw0
k2
4
Pw0
Ps0
k2
36
(n− 1)P s0
Ps0
2k2
9
(n− 1)P s0
Px0
k2
6
(n− 1)P s0
Psw0 −
k2
3
√
n− 1P×0
Pws0
k2
12
√
n− 1P×0
Pw1
k2
6
P1
Pw1
k2
3
P1
P2
k2
12
P2 − k
2
36
(n− 4)P s0
P2 2k
2
3
P2 − 2k
2
9
(n− 4)P s0
Px2
k2
2
P2 − k
2
6
(n− 4)P s0
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where Ps1,Ps1 ,Pw1 ,P t1,Pwx1 ,Pws1 ,Psw1 ,Psx1 ,Pss1 ,Pwst1 ,Ps2 ,P3, do not contribute when
the connection reduces to the metric one.
The end result is that spin 3 collapses to zero, and the surviving different spin 2
sectors of the first order theory degenerate into the unique spin 2 of the second order
one. Moreover, spin 1 reduces to spin 1 when going to second order formalism, as well
as spin 0 goes to spin 0.
In the process however, a power of k2 has been generated. This power is the respon-
sible for the lack of (perturbative) unitarity of the theory in second order formalism.
This problem then appears in this particular sector of the first order theory as well.
Then, unless a consistent method is found to isolate this sector from the full first or-
der theory (id est, a consistent truncation), the latter will inherit the unitarity problems
of the second order one.
6 Conclusions
When analyzing the connection field, one easily finds that there is generically a spin
3 component. This might be a problem in the sense that it is well-known (cf. for
example [16]) that it is not possible to build an interacting theory for spin 3 with a
finite number of fields. Although we see no particular type of inconsistency to the order
we have worked, it is always possible to avoid the presence of this spin 3 field altogether
by choosing a particular set of coupling constants, namely, putting to zero the coefficient
of the Riemann squared term. This combination is not stable by renormalization, so
that this choice implies a fine tuning of sorts. In addition there are several spin 0,
spin 1 and spin 2 fields. This proliferation of spins occurs even for the Einstein-Hilbert
action when in first order formalism.
When the connection collapses to the metric (Levi-Civita) form, the spin 3 compo-
nent disappears, and all spin 2 components are identified, but this sector suffers from
the well-known unitarity problems present in second order formalism.
In conclusion it is unclear whether it will be possible to define a truncation of the
gravity lagrangian quadratic in curvature in first order formalism in which the problems
of unitarity are absent. It seems that the healthy sectors do not describe gravity, and
the sectors that do describe gravity fall into the known unitarity problems. To be
specific, let us define a scalar product in A
〈A1|A2〉 ≡
∫
d(vol)A1µνλA
µνλ
2 (6.1)
Then the subspace A⊥ orthogonal to the metric connections
A
(LC)
µνλ ≡ ∂µhνλ − ∂νhλµ − ∂λhµν (6.2)
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is defined by
A⊥ ∈ A⊥ ⇔ ∂µ (Aµνλ − Aνµλ + Aλνµ) = 0 (6.3)
which in terms of projectors reads
A⊥µνλ = (Px0)
ρστ
µνλ Ω
1
ρστ + (P
s
1)
ρστ
µνλ Ω
2
ρστ + (P t1)ρστµνλ Ω3ρστ + (Pss1 )ρστµνλ Ω4ρστ
+ (Ps2)ρστµνλ Ω5ρστ + (Px2)ρστµνλ Ω6ρστ + (P3)ρστµνλ Ω7ρστ (6.4)
where Ωiρστ ∈ A.
Now, if we want to write a local lagrangian involving A⊥ only, we encounter the
same problems we faced early on when we intended to write a lagrangian in terms of h2µν
only (2.13). For example, taking just the spin 3 part, due to the fact that (P3)
ρστ
µνλ Ωρστ
goes as 2−3, we will need to have an action of the type
S3 =
1
κ10
∫
d(vol)A(3)µνλ2
6A(3)
µνλ
(6.5)
if we want it to be formally local (in the sense that no negative powers of 2 appear).
It is perhaps worth remarking that some of these problems are shared even by
theories linear in curvature, as soon as fermionic matter is coupled to gravity. In this
case the first order formalism and the second order one are not equivalent, and in fact
when treating the theory in first order formalism, spacetime torsion is generated on
shell. This fact seems worthy of some extra research.
More work is clearly needed however before a good understanding of the first order
formalism is achieved.
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A Spin content and spin projectors
In order to get the spin projectors for a symmetric tensor hµν , let us start with a simple
vector field uµ. If we consider a timelike reference momentum kµ (with k2 > 0), physics
is simpler in the adapted frame where
kµ = δµ0 (A.1)
Therefore, the spin content of a vector uµ which we represent as is
s=1 : ui 3 components,
s=0 : u0 1 component. (A.2)
And the corresponding projectors in momentum space read
P (0)βα =
kαk
β
k2
≡ ωα β =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

P (1)βα = δ
β
α −
kαk
β
k2
≡ θα β =

0 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
 (A.3)
It should be noted that these operators are non-local in position space where
1
k2
stands
for 2−1. We shall use both momentum and position space as equivalent. That is, we
could as well write
ωα
β =
∂α∂
β
2
θα
β = δβα −
∂α∂
β
2
(A.4)
so the traces read as follows
Tr P0 = 1
Tr P1 = 3 (A.5)
As it is well-known, the metric hµν (or equivalently, the frame field, h
a
µ) transforms
in the euclidean setting under the representation 10 ≡ of SO(4), so the spin
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content and corresponding projectors are given by
s=2 : hTij ≡ hij −
1
3
hδij (P2)
ρσ
µν ≡
1
2
(
θρµθ
σ
ν + θ
σ
µθ
ρ
ν
)− 1
3
θµνθ
ρσ
s=1 : h0i (P1)
ρσ
µν ≡
1
2
(
θρµω
σ
ν + θ
σ
µω
ρ
ν + θ
ρ
νω
σ
µ + θ
σ
νω
ρ
µ
)
s=0 : h00 (P
w
0 )
ρσ
µν ≡ ωµνωρσ
s=0 : h ≡ δijhij (P s0 )ρσµν ≡
1
3
θµνθ
ρσ (A.6)
These particular projectors have been studied previously by Barnes and Rivers [13].
They are complete in the symmetrized direct product
Sym (Tx ⊗ Tx) (A.7)
where Tx is the tangent space at the point x ∈M of the space-time manifold.
It is convenient to define another projector
P0 ≡ Pw0 + P s0 (A.8)
and the non-differential projectors are
Iρσµν ≡
1
2
(
δρµδ
σ
ν + δ
σ
µδ
ρ
ν
)
T ρσµν ≡
1
4
ηµνη
ρσ (A.9)
Then we can write a closure relation for these projectors, to be specific,
(P2)
ρσ
µν + (P1)
ρσ
µν + (P0)
ρσ
µν = I
ρσ
µν (A.10)
These projectors are not enough though, as they do not form a base of the space of
four-index tensors of the type of interest. Such a base is formed by five independent
monomials, namely (permutations are implicit)
M1 ≡ kµkνkρkσ
M2 ≡ kµkνηρσ
M3 ≡ kµkσηρν
M4 ≡ ηµνηρσ
M5 ≡ ηµρηνσ (A.11)
Therefore, in order to get a basis, we then need to add a new independent operator(
P×0
)ρσ
µν
=
1√
3
(ωµνθ
ρσ + θµνω
ρσ) (A.12)
that can be identified with the mixing of the two spin 0 components, h and h00.
It is clear that this new operator cannot be orthogonal to the other four, since closure
implies that the only operator orthogonal to the set that closes is the null operator.
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B Spin content of the symmetric connection field
In this appendix, we decompose the operators mediating between two connection fields
Aµβγ ≡ gαµΓαβγ –symmetric in the last two indices, because we are assuming vanishing
torsion– in terms of the spin projectors of this field. The procedure is analogue to the
one followed in Appendix A.
Since Aµνλ = Aµλν ,
Aµνλ ∈ A ≡ Tx ⊗ Sym (Tx ⊗ Tx) (B.1)
The quadratic kinetic operator in this space is
K ∈ A⊗A (B.2)
In order to disentangle the physical meaning of the gauge piece of the total action,
we would like to expand K as a sum of projectors with definite spin. There are 22
independent monomials to consider. Let un proceed by steps.
The projector into A –namely, the identity in this space– is
P0 ≡ (P0)α(βγ)µ(νλ) ≡
1
2
δαµ
(
δβν δ
γ
λ + δ
γ
ν δ
β
λ
)
=
1
2
(1, 0, 0, 1, 0, 0)
P 20 ≡ (P0)α(βγ)µ(νλ)(P0)a(bc)α(βγ) = P a(bc)µ(νλ) = P0
P0A = A (B.3)
(where the last equality in the first equation refers to the vector notation introduced
in the Appendix E). The subspace A corresponds, in terms of representations of the
tangent group SO(4), to the sum of a totally symmetric three-index tensor plus a tensor
with the hook symmetry
{2, 0} ⊗ {1} = {3, 0} ⊕ {2, 1} ⊗ = ⊕ (B.4)
In terms of dimensions this is 40 = 20 + 20. The Young projectors are
PS ≡ (Pα β γ )αβγµνλ ≡
1
6
{
δαµδ
β
ν δ
γ
λ + δ
β
µδ
γ
ν δ
α
λ + δ
γ
µδ
α
ν δ
β
λ + δ
α
µδ
γ
ν δ
β
λ + δ
β
µδ
α
ν δ
γ
λ + δ
γ
µδ
β
ν δ
α
λ
}
=
=
1
6
(1, 1, 1, 1, 1, 1) (B.5)
and the hook representation
PH ≡
(
Pα β
γ
)αβγ
µνλ
≡ 1
3
{
δαµδ
β
ν δ
γ
λ + δ
α
µδ
γ
ν δ
β
λ −
1
2
δαν δ
β
µδ
γ
λ −
1
2
δαν δ
β
λδ
γ
µ −
1
2
δαλδ
β
ν δ
γ
µ −
1
2
δαλδ
β
µδ
γ
ν
}
=
=
1
3
(
1,−1
2
,−1
2
, 1,−1
2
,−1
2
)
(B.6)
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It should be stressed that this projector is not symmetric in (αβ), but rather in
(β, γ).
(
Pα β
γ
)αβγ
µνλ
=
(
Pα γ
β
)αβγ
µνλ(
P α β
γ
)αβγ
µνλ
+
(
P γ α
β
)αβγ
µνλ
+
(
P β γ
α
)αβγ
µνλ
= 0 (B.7)
In the following, we will keep this notation: P for the projectors in the symmetric
subspace and P for those in the hook subspace.
The Young projectors are symmetric, orthogonal and add to the identity in A
PTS = PS PTH = PH
PSPH = PHPS = 0
PS + PH = P0 (B.8)
Then we can always write for any A ∈ A
A = P0A = AS +AH (B.9)
with
PSAS = AS
PHAH = AH (B.10)
B.1 The totally symmetric tensor
Let us start by determining the spin content of the totally symmetric piece
(
P{3}A
)
αβγ
≡
A(αβγ).
We can decompose it in its spin components as
• First the spin 3 component, which is given in the rest frame by
ATijk ≡ Aijk −
1
5
(Aiδjk + Ajδik + Akδij) (B.11)
where
Ai ≡
∑
j
Aijj (B.12)
There are of course 7 components in this set.
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The spin 3 projector reads
(P3)
αβγ
λµν =
1
6
(
θανθ
β
µθ
γ
λ + θ
α
µθ
β
νθ
γ
λ + θ
α
νθ
β
λθ
γ
µ + θ
α
λθ
β
νθ
γ
µ + θ
α
µθ
β
λθ
γ
ν + θ
α
λθ
β
µθ
γ
ν
)
− 1
15
(
θανθ
βγθµλ + θ
αγθβνθµλ + θ
αβθγνθµλ + θ
α
µθ
βγθνλ + θ
αγθβµθνλ + θ
αβθγµθνλ+
+ θαλθ
βγθµν + θ
αγθβλθµν + θ
αβθγλθµν
)
(B.13)
• The spin 2 component is given in the rest frame by
AT0ij ≡ A0ij −
1
3
A0δij (B.14)
where
A0 ≡
∑
i
A0ii (B.15)
The projector reads
(P2)
αβγ
λµν =
1
6
θβνθ
γ
µω
α
λ +
1
6
θβµθ
γ
νω
α
λ − 19θβγθµνωαλ + 16θβνθγλωαµ + 16θβλθγνωαµ
− 1
9
θβγθλνω
α
µ +
1
6
θβµθ
γ
λω
α
ν +
1
6
θβλθ
γ
µω
α
ν − 19θβγθλµωαν + 16θανθγµωβλ
+ 1
6
θαµθ
γ
νω
β
λ − 19θαγθµνωβλ + 16θανθγλωβµ + 16θαλθγνωβµ − 19θαγθλνωβµ
+ 1
6
θαµθ
γ
λω
β
ν +
1
6
θαλθ
γ
µω
β
ν − 19θαγθλµωβν + 16θανθβµωγλ + 16θαµθβνωγλ
− 1
9
θαβθµνω
γ
λ +
1
6
θανθ
β
λω
γ
µ +
1
6
θαλθ
β
νω
γ
µ − 19θαβθλνωγµ + 16θαµθβλωγν
+ 1
6
θαλθ
β
µω
γ
ν − 19θαβθλµωγν (B.16)
• There are two spin 1 components. First the one that is given in the rest frame by
Aijkδ
jk (B.17)
with projector
(Ps1)
αβγ
λµν =
1
15
(
θανθ
βγθµλ + θ
αγθβνθµλ + θ
αβθγνθµλ + θ
α
µθ
βγθλν + θ
αγθβµθλν + θ
αβθγµθλν+
+ θαλθ
βγθµν + θ
αγθβλθµν + θ
αβθγλθµν
)
(B.18)
The other corresponds to
A00i (B.19)
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and the projector is
(Pw1 )
αβγ
λµν =
1
6
(
θγνw
α
µw
β
λ + θ
γ
µw
α
νw
β
λ + θ
γ
νw
α
λw
β
µ + θ
γ
λw
α
νw
β
µ + θ
γ
µw
α
λw
β
ν
+ θγλw
α
µw
β
ν + θ
β
νw
α
µw
γ
λ + θ
β
µw
α
νw
γ
λ + θ
α
νw
β
µw
γ
λ +
1
6
θαµw
β
νw
γ
λ
+ θβνw
α
λw
γ
µ + θ
β
λw
α
νw
γ
µ +
1
6
θανw
β
λw
γ
µ + θ
α
λw
β
νw
γ
µ + θ
β
µw
α
λw
γ
ν
+ θβλw
α
µw
γ
ν +
1
6
θαµw
β
λw
γ
ν + θ
α
λw
β
µw
γ
ν
)
(B.20)
• There are also two different spin zero components. The first one corresponds to
A000 (B.21)
and its projector is
(Pw0 )
αβγ
λµν =
1
6
(
ωανω
β
µω
γ
λ + ω
α
µω
β
νω
γ
λ + ω
α
νω
β
λω
γ
µ + ω
α
λω
β
νω
γ
µ+
+ ωαµω
β
λω
γ
ν + ω
α
λω
β
µω
γ
ν
)
(B.22)
while the second one corresponds to
A0ijδ
ij (B.23)
with projector
(Ps0)
αβγ
λµν =
1
9
(
θβγθµνw
α
λ + θ
βγθlnw
α
µ + θ
βγθµλw
α
ν + θ
αγθµνw
β
λ + θ
αγθλνw
β
µ
+ θαγθµλw
β
ν + θ
αβθµνw
γ
λ + θ
αβθλνw
γ
µ + θ
αβθµλw
γ
ν
)
(B.24)
Altogether we have accounted for the 20 components in this set and the spin
content is
20S = (3)⊕ (2)⊕ 2 (1)⊕ 2 (0) (B.25)
Indeed, they satisfy the closure relation that symbolicall reads,
Ps0 + P
w
0 + P
s
1 + P
w
1 + P2 + P3 = PS (B.26)
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B.2 The hook sector
Let us now work out the spin content of the 20 components of the diagram P{2,1}A.
We will henceforth assume that connections are already projected into the corrre-
sponding Young subspace, that is, when A ∈ A,
AHαβγ ≡ (PHA)αβγ ≡
1
3
(2Aαβγ − Aβγα − Aγαβ) = Aαβγ (B.27)
This implies cyclic symmetry
Aαβγ +Aβγα +Aγαβ = 0 (B.28)
Consider first components with one element in the direction of the momentum (that
is the 0-th component in the rest frame). Remember that for the projectors acting in
this subspace we are using the letter P .
• There is only one spin zero, a trace that is given by
3∑
i=1
Ai0i (B.29)
that is
(Ps0)αβγλµν = −
1
9
θβγθµνw
α
λ +
2
9
θβγθνλw
α
µ − 1
9
θβγθµλw
α
ν +
1
18
θαγθµνw
β
λ
− 1
9
θαγθνλw
β
µ +
1
18
θαγθµλw
β
ν +
1
18
θαβθµνwλ
γ
− 1
9
θαβθνλwµ
γ +
1
18
θαβθµλwν
γ (B.30)
• There are three spin 1 components. First
1
2
(Aj0i − Ai0j) (B.31)
corresponding to
(Ps1)αβγλµν = −
1
4
θανθµ
γwβλ +
1
4
θαµθν
γwβλ +
1
4
θαµθλ
γwβν − 1
4
θαλθµ
γwβν − 1
4
θανθ
β
µwλ
γ+
+
1
4
θαµθ
β
νwλ
γ +
1
4
θαµθ
β
λwν
γ − 1
4
θαλθ
β
µwν
γ (B.32)
The second one is given by
Ai00 (B.33)
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(Pw1 )αβγλµν =
1
12
θν
γwαµw
β
λ − 1
6
θµ
γwανw
β
λ +
1
12
θν
γwαλw
β
µ +
1
12
θλ
γwανw
β
µ−
− 1
6
θµ
γwαλw
β
ν +
1
12
θλ
γwαµw
β
ν +
1
12
θβνw
α
µwλ
γ − 1
6
θβµw
α
νwλ
γ−
− 1
6
θανw
β
µwλ
γ +
1
3
θαµw
β
νwλ
γ +
1
12
θβνw
α
λwµ
γ +
1
12
θβλw
α
νwµ
γ−
− 1
6
θανw
β
λwµ
γ − 1
6
θαλw
β
νwµ
γ − 1
6
θβµw
α
λwν
γ +
1
12
θβλw
α
µwν
γ+
+
1
3
θαµw
β
λwν
γ − 1
6
θαλw
β
µwν
γ (B.34)
And there is also a spin 1 trace given by
(P t1)αβγλµν = −
1
6
θaνθ
βγθλµ +
1
12
θagθβνθλµ +
1
12
θαβθγνθλµ +
1
3
θaµθ
βγθln−
− 1
6
θagθβµθln − 1
6
θαβθγµθln − 1
6
θaλθ
βγθµν +
1
12
θagθβλθµν +
1
12
θαβθγλθµν
(B.35)
• Finally, there are two spin 2 projectors. The first one is the transverse traceless
spin two component
1
2
(Aj0i + Ai0j)− 1
3
δij
3∑
k=1
Ak0k (B.36)
with projector
(P2)αβγλµν = −
1
6
θβνθ
γ
µw
α
λ − 1
6
θβµθ
γ
νw
α
λ +
1
9
θβγθµνw
α
λ +
1
3
θβνθ
γ
λw
α
µ
+
1
3
θβλθ
γ
νw
α
µ − 2
9
θβγθλνw
α
µ − 1
6
θβµθ
γ
λw
α
ν − 1
6
θβλθ
γ
µw
α
ν
+
1
9
θβγθλµw
α
ν +
1
12
θανθ
γ
µw
β
λ +
1
12
θαµθ
γ
νw
β
λ − 1
18
θαγθµνw
β
λ−
− 1
6
θανθ
γ
λw
β
µ − 1
6
θαλθ
γ
νw
β
µ +
1
9
θαγθλνw
β
µ +
1
12
θαµθ
γ
λw
β
ν
+
1
12
θαλθ
γ
µw
β
ν − 1
18
θαγθλµw
β
ν +
1
12
θανθ
β
µw
γ
λ +
1
12
θαµθ
β
νw
γ
λ
− 1
18
θαβθµνw
γ
λ − 1
6
θανθ
β
λw
γ
µ − 1
6
θαλθ
β
νw
γ
µ +
1
9
θαβθlnw
γ
µ
+
1
12
θαµθ
β
λw
γ
ν +
1
12
θαλθ
β
µw
γ
ν − 1
18
θαβθλµw
γ
ν (B.37)
The second one corresponds to the spin 2 traceless connection field
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ATijk ≡ Aijk −
2t1i − t2i
5
δjk −
3t2j − t1j
10
δik − 3t
2
k − t1k
10
δij (B.38)
with projector
(Ps2)αβγλµν = −
1
6
θaνθ
β
µθ
γ
λ +
1
3
θaµθ
β
νθ
γ
λ − 1
6
θaνθ
β
λθ
γ
µ − 1
6
θaλθ
β
νθ
γ
µ +
1
3
θaµθ
β
λθ
γ
ν−
− 1
6
θaλθ
β
µθ
γ
ν +
1
6
θaνθ
βγθλµ − 1
12
θagθβνθλµ − 1
12
θαβθγνθλµ − 1
3
θaµθ
βγθln+
+
1
6
θagθβµθln +
1
6
θαβθγµθln +
1
6
θaλθ
βγθµν − 1
12
θagθβλθµν − 1
12
θαβθγλθµν
(B.39)
Therefore, the spin content in this sector is
20H = 2 (2)⊕ 3 (1)⊕ (0) (B.40)
Finally, the closure relation in this space reads
Ps0 + Ps1 + Pw1 + P t1 + P2 + Ps2 = PH (B.41)
B.3 Mixed operators completing a basis of L(A,A)
Let us represent by L(A,A) the space of linear mappings from A in A. It is plain that
a basis is given by (again, with implicit permutations)
M1 ≡ kµkνkλkαkβkγ M2 ≡ ηνλkµkαkβkγ
M3 ≡ ηµνkλkαkβkγ M4 ≡ ηµαkνkγkβkλ
M5 ≡ ηµβkνkλkαkγ M6 ≡ ηνβkµkλkαkγ
M7 ≡ ηµαηβγkνkλ M8 ≡ ηµβηαγkνkλ
M9 ≡ ηαβηλγkµkν M10 ≡ ηαληβγkµkν
M11 ≡ ηνληβγkµkα M12 ≡ ηνβηλγkµkα
M13 ≡ ηνληαγkµkβ M14 ≡ ηναηλγkµkβ
M15 ≡ ηµαηνβηλγ M16 ≡ ηµαηνληβγ
M17 ≡ ηµβηναηλγ M18 ≡ ηµβηνληαγ
M19 ≡ ηµνηλαηβγ M20 ≡ ηµνηλβηαγ
M21 ≡ ηµληναηβγ M22 ≡ ηµληνβηαγ
So far, we have obtained 12 different operators that satisfy the closure relation.
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Given the fact that we have obtained up to now 12 projectors, which added to the
identity in our space –see (B.26) and (B.41)–, it is plain that we are 10 operators short
in order to get a complete basis on the space L(A,A). The remaining operators (which
are not, in general, projectors) correspond to the mixing of equal spin components of
A. In the same sense that P×0 in (A.12) corresponds to the mixing of the two spin 0
components of hµν . Hence, we are going to classify them by their spin.
• There are three of them with spin 0
(Psw0 )
αβγλµν =
4
9
θµνωαλωβγ +
1
9
θλνωαµωβγ +
1
9
θλµωανωβγ +
1
9
θµνωαγωβλ
− 2
9
θλνωαγωβµ − 2
9
θλµωαγωβν +
1
9
θµνωαβωγλ − 2
9
θλνωαβωγµ
− 2
9
θλµωαβωγν +
1
9
θβγωανωλµ − 2
9
θαγωβνωλµ − 2
9
θαβωγνωλµ
+
1
9
θβγωαµωλν − 2
9
θαγωβµωλν − 2
9
θαβωγµωλν +
4
9
θβγωαλωµν
+
1
9
θαγωβλωµν +
1
9
θαβωγλωµν (B.42)
(Pws0 )
αβγλµν =
1
9
θµνωαλωβγ +
1
9
θλνωαµωβγ +
1
9
θλµωανωβγ +
1
9
θµνωαγωβλ
+
1
9
θλνωαγωβµ +
1
9
θλµωαγωβν +
1
9
θµνωαβωγλ +
1
9
θλνωαβωγµ
+
1
9
θλµωαβωγν +
1
9
θβγωανωλµ +
1
9
θαγωβνωλµ +
1
9
θαβωγνωλµ
+
1
9
θβγωαµωλν +
1
9
θαγωβµωλν +
1
9
θαβωγµωλν +
1
9
θβγωαλωµν
+
1
9
θαγωβλωµν +
1
9
θαβωγλωµν (B.43)
(Px0)
αβγλµν =
1
6
θαγθλνωβµ +
1
6
θαγθλµωβν +
1
6
θαβθλνωγµ +
1
6
θαβθλµωγν (B.44)
• There are six with spin 1
(Pwx1 )
αβγλµν =
1
4
θγνωαµωβλ +
1
4
θγµωανωβλ +
1
4
θγνωαλωβµ +
1
4
θγµωαλωβν
+
1
4
θβνωαµωγλ +
1
4
θβµωανωγλ +
1
4
θβνωαλωγµ +
1
4
θβµωαλωγν (B.45)
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(Pws1 )
αβγλµν =
1
9
θγνθλµωαβ +
1
9
θγµθλνωαβ +
1
9
θγλθµνωαβ +
1
9
θβνθλµωαγ
+
1
9
θβµθλνωαγ +
1
9
θβλθµνωαγ +
1
9
θανθλµωβγ +
1
9
θαµθλνωβγ
+
1
9
θαλθµνωβγ +
1
9
θανθβγωλµ +
1
9
θαγθβνωλµ +
1
9
θαβθγνωλµ
+
1
9
θαµθβγωλν +
1
9
θαγθβµωλν +
1
9
θαβθγµωλν +
1
9
θαλθβγωµν
+
1
9
θαγθβλωµν +
1
9
θαβθγλω (B.46)
(Psw1 )
αβγλµν =
1
9
θγνθλµωαβ +
1
9
θγµθλνωαβ − 2
9
θγλθµνωαβ +
1
9
θβνθλµωαγ
+
1
9
θβµθλνωαγ − 2
9
θβλθµνωαγ − 2
9
θανθλµωβγ − 2
9
θαµθλνωβγ
+
4
9
θαλθµνωβγ − 2
9
θανθβγωλµ +
1
9
θαγθβνωλµ +
1
9
θαβθγνωλµ
− 2
9
θαµθβγωλν +
1
9
θαγθβµωλν +
1
9
θαβθγµωλν +
4
9
θαλθβγωµν
− 2
9
θαγθβλωµν − 2
9
θαβθγλωµν (B.47)
(Psx1 )
αβγλµν = −2
9
θγνθλµωαβ − 2
9
θγµθλνωαβ +
1
9
θγλθµνωαβ − 2
9
θβνθλµωαγ
− 2
9
θβµθλνωαγ +
1
9
θβλθµνωαγ +
1
9
θανθλµωβγ +
1
9
θαµθλνωβγ
+
4
9
θαλθµνωβγ +
1
9
θανθβγωλµ − 2
9
θαγθβνωλµ − 2
9
θαβθγνωλµ
+
1
9
θαµθβγωλν − 2
9
θαγθβµωln − 2
9
θαβθγµωλν +
4
9
θαλθβγωµν
+
1
9
θαγθβλωµν +
1
9
θαβθγλωµν (B.48)
(Pss1 )
αβγλµν =
1
18
θανθβγθλµ +
1
72
θαγθβνθλµ +
1
72
θαβθγνθλµ +
1
18
θαµθβγθλν
+
1
72
θαγθβµθλν +
1
72
θαβθγµθλν +
2
9
θαλθβγθµν +
1
18
θαγθβλθµν
+
1
18
θαβθγλθµν (B.49)
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(Pwst1 )
αβγλµν = − 1
18
θγνθλµωαβ − 1
18
θγµθλνωαβ − 2
9
θγλθµνωαβ − 1
18
θβνθλµωαγ
− 1
18
θβµθλνωαγ − 2
9
θβλθµνωαγ +
5
18
θανθλµωβγ +
5
18
θαµθλνωβγ
+
1
9
θαλθµνωβγ − 2
9
θανθβγωλµ − 1
18
θαγθβνωλµ − 1
18
θαβθγνωλµ
− 2
9
θαµθβγωλν − 1
18
θαγθβµωλν − 1
18
θαβθγµωλν +
1
9
θαλθβγωµν
+
5
18
θαγθβλωµν +
5
18
θαβθγλωµν (B.50)
• Finally, there is one more with spin 2
(Px2)
αβγλµν =
1
4
θανθγλωβµ +
1
4
θαλθγνωβµ − 1
6
θαγθλνωβµ +
1
4
θαµθγλωβν
+
1
4
θαλθγµωβν − 1
6
θαγθλµωβν +
1
4
θανθβλωγµ +
1
4
θαλθβνωγµ
− 1
6
θαβθλνωγµ +
1
4
θαµθβλωγν +
1
4
θαλθβµωγν − 1
6
θαβθλµωγν (B.51)
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C Spin content of the antisymmetric connection field
In this appendix, we decompose the operators mediating between two connection fields
Aµβγ ≡ gαµΓαβγ – antisymmetric in the las two indices because we consider torsionful
connections which fulfill the metricity condition– in terms of the spin projectors of this
field. The procedure is analogue to the one followed in Appendices A and B.
The subspace A corresponds, in terms of representations of the tangent group
SO(4), to the sum of a totally antisymmetric three-index tensor plus a tensor with the
hook symmetry
{0, 2} ⊗ {1} = {0, 3} ⊕ {2, 1} (C.1)
In terms of dimensions this is 24 = 4 + 20
C.1 The totally antisymmetric tensor
We want to determine the spin content of the totally antisymmetric piece A[αβγ], in
this case there are only two monomials we can form
M23 = δ
[a
[λδ
β
µδ
γ]
ν]
M24 = δ
[a
[λδ
β
µk
γ]kν] (C.2)
The totally antisymmetric piece is represented as
{0, 3} (C.3)
and the corresponding Young projectors are(
P¯α
β
γ
)αβγ
µνλ
≡ 1
6
{
δαµδ
β
ν δ
γ
λ + δ
β
µδ
γ
ν δ
α
λ + δ
γ
µδ
α
ν δ
β
λ − δαµδγν δβλ − δβµδαν δγλ − δγµδβν δαλ
}
=
=
1
6
(1, 1, 1,−1,−1,−1) (C.4)
where the notation of the projectors in the same as in Appendix B.
We can decompose it in its spin componets as
• First the spin 1 component
1
2
(Aj0i − Ai0j) (C.5)
with projector
(P¯1)
αβγλµν = −1
6
θανθβµθγλ +
1
6
θαµθβνθγλ +
1
6
θανθβλθγµ−
− 1
6
θαλθβνθγµ − 1
6
θαµθβλθγν +
1
6
θαλθβµθγν (C.6)
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• The spin 0 component is
A[ijk] (C.7)
with projector
(P¯0)
αβγλµν = −1
6
ωαλθβνθγµ +
1
6
ωαλθβµθγν +
1
6
ωαµθβνθγλ − 1
6
ωαµθβλθγν−
− 1
6
ωανθβµθγλ +
1
6
ωανθ(b, l)θγµ +
1
6
θανωβλθγµ − 1
6
θαµωβλθγν−
− 1
6
θανωβµθγλ +
1
6
θαλωβµθγν +
1
6
θαµωβνθγλ − 1
6
θαλωβνθγµ−
− 1
6
θανθβµωγλ +
1
6
θαµθβνωγλ +
1
6
θανθβλωγµ − 1
6
θαλθβνωγµ−
− 1
6
θαµθβλωγν +
1
6
θαλθβµωγν (C.8)
Finally it is easy to check that(
P¯
)αβγ
µνλ
= (P¯1)
αβγ
µνλ + (P¯0)
αβγ
µνλ (C.9)
In terms of dimensions this is 4 = (1)⊕ (0).
C.2 The antisymmetric Hook sector
We determine the spin content of the antisymmetric hook piece Aα[βγ], in this case
there are six monomials
M25 = δ
α
λδ
[β
[µδ
γ]
ν]
M26 = k
αkλ δ
[β
[µδ
γ]
ν]
M27 = k
αδ
[β
λ k[µδ
γ]
ν]
M28 = δ
α
[µk
[βkν]δ
γ]
λ
M29 = δ
α
λ k
[βk[µδ
γ]
ν]
M30 = k
αkλ k
[βk[µδ
γ]
ν]
(C.10)
The antisymmetric hook part corresponds to the piece
{2, 1} (C.11)
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The Young projectors reads
P¯H ≡
(
Pα β
γ
)αβγ
µνλ
≡ 1
3
{
δαµδ
β
ν δ
γ
λ − δαµδγν δβλ +
1
2
δαν δ
β
µδ
γ
λ −
1
2
δαν δ
β
λδ
γ
µ +
1
2
δαλδ
β
ν δ
γ
µ −
1
2
δαλδ
β
µδ
γ
ν
}
=
=
1
3
(
1,
1
2
,−1
2
,−1, 1
2
,−1
2
)
(C.12)
We can decompose it in its spin componets as
• There are two spin 2 component. The first one is the transverse traceless spin
two component
1
2
(Aj0i + Ai0j)− 1
3
δij
3∑
k=1
Ak0k (C.13)
with projector
(P¯2)αβγλµν = 1
4
θανωβµθγλ +
1
4
θαλωβµθγν − 1
6
θαγωβµθνλ − 1
4
θαµωβνθγλ−
− 1
4
θαλωβνθγµ +
1
6
θαγωβνθµλ − 1
4
θανθβλωγµ − 1
4
θαλθβνωγµ+
+
1
6
θαβωγµθνλ +
1
4
θαµθβλωγν +
1
4
θαλθβµωγν − 1
6
θαβωγνθµλ (C.14)
The second one corresponds to the spin 2 traceless connection field
ATijk ≡ Aijk −
1
2
tjδik +
1
2
tkδij (C.15)
where ti =
∑3
j=1Ajij, with projector
(P¯s2)αβγλµν =
1
6
θανθβµθγλ − 1
6
θαµθβνθγλ − 1
6
θανθβλθγµ−
− 1
3
θαλθβνθγµ +
1
6
θαµθβλθγν +
1
3
θαλθβµθγν+
+
1
4
θαγθβνθλµ − 1
4
θαβθγνθλµ − 1
4
θαγθβµθλν +
1
4
θαβθγµθλν (C.16)
• There are three spin 1 components. First
1
2
(Aj0i − Ai0j) (C.17)
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with projector
(P¯s1)αβγλµν = −
1
3
ωαλθβνθγµ +
1
3
ωαλθβµθγν − 1
6
ωαµθβνθγλ+
+
1
6
ωαµθβλθγν +
1
6
ωανθβµθγλ − 1
6
ωανθβλθγµ − 1
6
θανωβλθγµ+
+
1
6
θαµωβλθγν − 1
12
θανωβµθγλ +
1
12
θαλωβµθγν+
+
1
12
θαµωβνθγλ − 1
12
θαλωβνθγµ +
1
6
θανθβµωγλ − 1
6
θαµθβνωγλ+
+
1
12
θανθβλωγµ − 1
12
θαλθβνωγµ − 1
12
θαµθβλωγν +
1
12
θαλθβµωγν
(C.18)
The second one is given by
A0i0 (C.19)
corresponding to
(P¯w1 )αβγλµν =
1
2
ωαβθγνωλµ − 1
2
wαγθβνωλµ − 1
2
ωαβθγµωλν +
1
2
ωαγθβµωλν (C.20)
And there is also a spin 1 trace
3∑
j=1
Ajij (C.21)
given by
(P¯ t1)αβγλµν = −
1
4
θαγθβνθλµ +
1
4
θαβθγνθλµ +
1
4
θαγθβµθλν − 1
4
θαβθγµθλν (C.22)
• There is only one spin zero, a trace that is given by
3∑
i=1
Ai0i (C.23)
that is
(P¯0)αβγλµν = 1
6
θαγωβµθλν − 1
6
θαγωβνθλµ − 1
6
θαβωγµθλν +
1
6
θαβωγνθλµ (C.24)
Finally it is easy to check that(P¯H)αβγµνλ = (P¯2)αβγµνλ + (P¯s2)αβγµνλ + (P¯s1)αβγµνλ + (P¯w1 )αβγµνλ + (P¯ t1)αβγµνλ + (P¯0)αβγµνλ (C.25)
In terms of dimensions this is 20 = 2(2)⊕ 3(1)⊕ (0).
These projectors agree with the ones obtained by Sezgin and van Nieuwenhuizen
in [18].
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D Zero modes for R2
In section 5 we had determined the quadratic one loop operator in the particular case
where the lagrangian is proportional to R2, the square of the scalar curvature.
(KR2+gf)
µν ρσ
τ λ =
1
χ
(
Pw0 + 3 P
s
0 + (3− 9χ) Ps0 − 3 Px0 + Psw0 + Pws0 + Pw1 −
5
3
Ps1
+ Pw1 +
2
3
P t1 − Pwx1 + Pws1 + Psw1 + Psx1 + 4 Pss1
)µν ρσ
τ λ
2 (D.1)
It can be checked that this operator has 13 independent zero modes, which are
written in terms of the spin operators acting on an arbitrary field Ωαβγ ∈ A as
Z1 ≡ (Pw0 + Ps0 − Pws0 )αβγλµν Ωαβγ
Z2 ≡
(−Pw1 + Ps1 + 3Pw1 − 38Psw1 − 32Pwst1 )αβγλµν Ωαβγ
Z3 ≡
(
2Pw1 + P t1 − 32Psw1
)αβγ
λµν
Ωαβγ
Z4 ≡
(−2Pw1 + Pw1 + Pws1 − 18Psw1 − 12Pwst1 )αβγλµν Ωαβγ
Z5 ≡
(−2Pw1 + Pw1 − 34Psw1 + Psx1 − Pwst1 )αβγλµν Ωαβγ
Z6 ≡
(−7
6
Pw1 +
14
3
Pw1 − 2116Pws1 + Pss1 − 74Pwst1
)αβγ
λµν
Ωαβγ
Z7 ≡ (Ps1)αβγλµν Ωαβγ
Z8 ≡ (Pwx1 )αβγλµν Ωαβγ
Z9 ≡ (P2)αβγλµν Ωαβγ
Z10 ≡ (P2)αβγλµν Ωαβγ
Z11 ≡ (Ps2)αβγλµν Ωαβγ
Z12 ≡ (Px2)αβγλµν Ωαβγ
Z13 ≡ (P3)αβγλµν Ωαβγ (D.2)
It is quite remarkable that the system has extra gauge symmetries at one loop order
that are not present in the exact lagrangian. The physical meaning of this is discussed
in the main body of the paper.
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E Fun with S3
Let us highlight the procedure to get the spin projectors in a systematic way. Denoting
the elements of permutation group of three elements S3 acting on Tαβγ ∈ T × T × T as
g1 ≡ δαµδβν δγλ
g2 ≡ δβµδγν δαλ
g3 ≡ δγµδαν δβλ
g4 ≡ δαµδγν δβλ
g5 ≡ δβµδαν δγλ
g6 ≡ δγµδβν δαλ (E.1)
The most general projector in this space can be written as
P ≡
i=6∑
i=1
Ci gi ≡
(
U
V
)
(E.2)
where we have defined the column vectors
U ≡
C1C2
C3

V ≡
C4C5
C6
 (E.3)
Those operators are not symmetric ones; rather the transpose operator is given by
(C1, C2, C3, C4, C5, C6)
T = (C1, C3, C2, C4, C5, C6) (E.4)
It is important to keep this in mind when multiplying projectors.
On the other hand, it is not difficult to establish that
(P ′′)~a~µ ≡
∑
~c
P~a~c . (P
′)~c~µ = M
(
U ′
V ′
)
≡
(
U ′′
V ′′
)
=
(
AU ′ +BV ′
BU ′ + AV ′
)
(E.5)
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with
M ≡
(
A B
B A
)
A ≡
C1 C3 C2C2 C1 C3
C3 C2 C1

B ≡
C4 C5 C6C5 C6 C4
C6 C4 C5
 (E.6)
All this implies that
[P, P ′] =

0
C54 + C65 + C46
C64 + C45 + C56
C52 + C63 + C35 + C28
C52 + C63 + C35 + C26
C62 + C43 + C24 + C36
C42 + C53 + C34 + C25

(E.7)
where
Cab ≡ CaC ′b − CbC ′a (E.8)
These formulas make it trivial to check all assertions about projectors, which have been
nevertheless also verified with xAct [17].
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